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elds. We also
comment on the covariant quantization of the D-brane actions.
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1 Introduction
It is well-known that the covariant formulation of superstrings [1] and su-
permembranes [2] is based upon a special fermionic gauge symmetry on
the worldvolume which is called -symmetry. Upon gauge-xing this -
symmetry, the global target space supersymmetry combines with a special
eld-dependent -transformation into a global worldvolume supersymmetry.
This worldvolume supersymmetry guarantees the equality of bosonic and
fermionic degrees of freedom on the worldvolume. This close relationship be-
tween -symmetry and supersymmetry can be applied to determine the frac-
tion of spacetime supersymmetry preserved by certain single bosonic string
and membrane congurations (see, e.g. [3]). A recent development has been
the construction of -symmetric non-linear eective actions and/or equations
of motion for D-branes [4, 5, 6, 7] and the M-5-brane [8, 9, 10] complementing
the -symmetric superstring and M-2-brane [1, 2]. In these new cases, there
is again a close relation between -symmetry and supersymmetry which leads
to an equality of bosonic and fermionic degrees of freedom. We will apply
this relation to investigate the supersymmetry preserved by certain single
bosonic D-brane and M-brane congurations.
Apart from the single-brane congurations, in many applications of super-
string dualities a central role is played by intersecting-brane congurations
that preserve an, in general smaller, fraction of the vacuum spacetime su-
persymmetry. The allowed intersections depend on the worldvolume eld
content of the branes involved in the intersection [11]. The eective action of
an intersecting conguration is expected to be a non-Abelian generalisation
of the single brane actions. In the linearised limit, this action becomes that
of a coupled system with (non-Abelian) vector, tensor and matter multiplets.
For example, if the branes involved in the intersection are D-branes, the ef-
fective theory is a Yang-Mills theory coupled to matter. In the \Abelian"
limit the eective action of an intersecting brane conguration reduces to a
non-linear action similar to that of a single brane.
All known -symmetry transformations of brane actions take the form
 = (1 + Γ); (1)
where  is a spacetime spinor depending on the worldvolume coordinates ,
() is the parameter of the -transformation and Γ is a hermitian traceless
product structure i.e.
tr Γ = 0 ; Γ2 = 1 : (2)
The expression for Γ depends on the embedding mapX from the worldvolume
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of the brane into spacetime, and for D-branes is non-linear in
F = F −B ; (3)
where F is the Born-Infeld (BI) 2-form eld strength and B is the background
NS/NS two-form gauge potential.
In this paper we shall show that the non-linear dependence of Γ on F can
be expressed as
Γ = e−a=2 Γ0(0) e
a=2 ; (4)
where a = a(F) contains all the dependence on the BI eld and Γ0(0) (which
depends only on X) is also a hermitian traceless product structure (i.e. tr
Γ0(0) = 0 and

Γ0(0)
2
= 1). In this new form of Γ, the proof that Γ is a hermi-
tian traceless product structure is straightforward. As another application
we shall use (4) to investigate the supersymmetry preserved by intersecting
brane congurations.
The classical D-brane actions have in addition to worldvolume -symmetry
also a 32-component spacetime supersymmetry. As we shall see for single
bosonic brane-probe congurations1, the fraction of the supersymmetry pre-
served is determined by the number of solutions of the following equation2:
(1− Γ) = 0; (5)
where  is the spacetime supersymmetry parameter. For brane probes this
is the only supersymmetry condition that arises. However, for supergravity
congurations with branes as sources (that is, for BI D-p-brane actions cou-
pled to the supergravity action), the above condition must be complemented
with the usual Killing spinor equation of the supergravity theory. In all cases
that we know of the supergravity Killing spinor equation implies the above
condition3.
Several methods can be used to nd the fraction of supersymmetry pre-
served by intersecting brane congurations. In this paper we shall apply (5)
to investigate the supersymmetry preserved by such congurations. For this
we shall introduce the projection (5) for each brane involved in the intersec-
tion and then we shall examine the compatibility of all the projections. One
of the advantages of this method is that all intersections can be treated in
1In this paper we dene brane probes as solutions of the worldvolume action for xed
target space background.
2The same condition has been derived in the boundary state formalism [12, 13].
3Apparently supersymmetric solutions always have supersymmetric sources. It would
be interesting to have a general and rigorous proof of this.
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a unied way. To simplify the computation, we shall rst assume that all
the branes involved in the intersection are probes propagating in the D=10
Minkowski spacetime. In this case, we shall nd that one can take the BI
elds associated with the D-branes and M-branes to be constant rather than
zero. For vanishing BI elds, we shall reproduce all the known results for the
allowed supersymmetric intersecting brane congurations.
Next we shall briefly comment on D-branes in their appropriate super-
gravity background. The matching of the supergravity solution to the source
necessitates that the BI eld of the brane must vanish if the supergravity
solution does not contain a non-vanishing NS/NS two-form gauge potential.
There are some limitations to the above method for determining the frac-
tion of supersymmetry preserved by intersecting brane congurations. One is
that we are considering Abelian BI-type eective actions despite the fact that
the full eective theory is expected to be non-Abelian. The non-Abelian case
corresponds to congurations of coincident branes. Such congurations will
not be considered in this paper. We have also ignored parts of the eective
action; for example in intersections involving D-branes, we have not taken
into account the matter multiplets that are associated with open strings end-
ing at two dierent D-branes involved in the intersection. Nevertheless, the
results of our paper apply in the \Abelian" limit of the full theory.
The organization of this paper is as follows: In section two, we shall review
the action and -symmetry transformations of D-p-branes. In section three
we derive the new form of the -transformations given in eqs. (1) and (4). In
section four we discuss the condition (5) for supersymmetric congurations.
In section ve we shall investigate the conditions for intersecting D-brane
probes to preserve a fraction of spacetime supersymmetry. In section six,
we extend our results to include M-branes. In section seven we comment
on the supersymmetry preserved by supergravity/brane congurations and
in appendix A, we shall comment on the covariant quantization of D-brane
actions.
2 D-Branes and -Symmetry
To make our discussion self-contained we briefly review here the basics of
-symmetry. For a more detailed discussion and our notation we refer to [6].
Let G;B and  be the spacetime metric, the NS/NS 2-form gauge potential
and the dilaton, respectively. The bosonic D-p-brane is described by a map
X from the worldvolume (p+1) into the d = 10 spacetimeM and by a 2-form
BI eld strength F on (p+1); dF = 0 so F = dV where V is the one-form
BI gauge potential. The bosonic part of the eective action of a D-p-brane
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is
Ip = −
Z
dp+1

e−
q
jdet(gij + Fij)j+ Ce
F +mICS

; (6)
where
gij = @iX
@jX
G ; (7)
is the metric on (p+1) induced by the map X, (;  = 0; : : : 9) are the
spacetime indices and Fij (i = 1;    (p + 1)) is the modied 2-form eld
strength dened in (3) (B in F is the pull-back of the NS-NS 2-form gauge
potential B with X). The second term in (6) is a WZ term where
C =
10X
r=0
C(r) (8)
is a formal sum of the RR gauge potentials C(r). It is understood that after
expanding the potential only the (p+1)-form is retained4. The last term is
only present for even p (the IIA case) [17]. Its coecient m is the cosmological
constant of massive IIA supergravity and ICS is given in [18].
To construct supersymmetric D-p-brane actions, we replace the maps X
(fXg) with supermaps Z = (X; ) (fZMg) and the various bosonic su-
pergravity elds with the corresponding superelds of which they are the
leading component in a -expansion. The frame index A of the supervielbein
decomposes under the action of the D=10 Lorentz group as follows:
A =
8><>:
(a; ) a = 0; : : : ; 9 ;  = 1; : : : ; 32 ; for IIA
(a; I; ) a = 0; : : : ; 9 ; I = 1; 2 ;  = 1; : : : ; 32 ; for IIB
(9)
where a is a d = 10 vector index and  is a d = 10 spinor index in the
Majorana representation. This notation allows to treat the IIA and IIB
theories in a unied way but it is understood that in the IIB case chiral
projection operators should be inserted in appropriate places to reduce the
Majorana spinor indices to Majorana-Weyl ones. The induced metric for
both IIA and IIB D-branes is
gij = Ei
aEj
bab ; (10)
where
4Again here we have used the same symbols to denote the spacetime gauge potential
and its pull-back with the map X .
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Ei
A = @iZ
MEM
A ; (11)
and ab is the Minkowski (frame) metric. In what follows, we shall assume
that detfgijg 6= 0, unless otherwise stated.
The action (6) (including the fermions ) is invariant under the -transformations
[6] 8>>>>>><>>>>>>:
Z
MEM
a = 0 ;
Z
MEM
 = [(1 + Γ)] ;
Vi = Ei
AEBBBA ;
(12)
with parameter .
The expression for Γ for any D-p-brane is [6]
Γ =
p
jgjp
jg+Fj
1X
n=0
1
2nn!
γj1k1:::jnknFj1k1 : : :FjnknJ
(n)
(p) ; (13)
where g = det fgijg, g + F is shorthand for det(gij + Fij) and
J
(n)
(p) =
8><>:
(Γ11)
n+ p−2
2 Γ(0) ;
(−1)n(3)n+
p−3
2 i2 ⊗ Γ(0) :
(14)
The matrix Γ(0) is given by
Γ(0) =
1
(p+1)!
p
jgj
i1:::i(p+1)γi1:::i(p+1) : (15)
Finally, the 32 32 matrices γi are dened as
γi = Ei
aΓa ; (16)
where fΓa; a = 0; : : : 9g are the spacetime gamma-matrices. For later use, we
note that 
Γ(0)
2
= (−1)
(p−1)(p−2)
2 : (17)
A crucial property of the -rules, which also plays an important role in
the actual proof of -invariance of the D-p-brane actions, is that they must
eliminate half of the fermionic degrees of freedom. To see this, we remark
that the total number of bosonic physical degrees of freedom are 8; 10−(p+1)
are due to the scalars X and p−1 are due to the BI 1-form gauge potential V .
In order to make the number of physical bosonic degrees of freedom equal to
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the number of fermionic ones, the -transformations must eliminate exactly
half of the fermionic degrees of freedom. The properties of the matrix Γ
dened in (1) ensure that this is indeed the case: from Γ2 =  3232 it follows
that all the eigenvalues of Γ are +1 or −1. From the tracelessness it follows
that it has as many +1 as −1 eigenvalues, that is, it has 16 of each, so
the projector 1
2
(1 + Γ) has 16 zero eigenvalues and 16 eigenvalues equal to
+1. This guarantees that -symmetry reduces the 32 components of  to
16. Due to the fact that the kinetic term of  in the BI action is linear in
time derivatives there is a second class constraint which reduces further the
components of  from 16 to 8. Therefore the number of bosonic and fermionic
physical degrees of freedom are equal on the worldvolume. The details of the
invariance of the action (6) under -transformations and the proof that Γ
has the required properties are given in, e.g. [6].
3 -Symmetry Revisited
The main task in this section is to show that the product structure Γ asso-
ciated with the D-p-brane -transformation law can be written as given in
(4). The proof is inspired by the work of [12, 13] and is similar for the IIA
and IIB D-p-branes. Because of this we shall present the IIA case in detail
and only the main points of the proof for the IIB case. We begin by rst
rewriting the IIA product structure Γ as
Γ =
p
jgjp
jg+Fj
se
1
2
FjkγjkΓ11Γ0(0) ; (18)
where
se
1
2
Fjkγ
jk
:=
1X
n=0
1
2nn!
γj1k1:::jnknFj1k1 : : :Fjnkn ; (19)
so \se" stands for the skew-exponential function (i.e. the usual exponential
function with skew-symmetrized indices of the gamma matrices at every order
in the expansion so the expansion has eectively only a nite number of
terms), and
Γ0(0) = (Γ11)
p−2
2 Γ(0) : (20)
It is worth noting that 
Γ0(0)
2
= 1 : (21)
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To continue, we introduce a worldvolume (p+1)-bein, e, i.e. gik = e
i
ie
k
kik,
where i; k = 0; : : : ; p are worldvolume frame indices. Then we rewrite Γ as
Γ = 1p
j+Fj
se
1
2
Xikγ
ikΓ11Γ0(0) ; (22)
where F in the determinant is in the frame basis. Then without loss of
generality, we use a worldvolume Lorentz rotation to write F as
F  1
2
Fike
i ^ ek = tanh0 e
0 ^ e‘ +
‘X
r=1
tanr e
r ^ e‘+r ; (23)
where f0; r; r = 1; : : : ; ‘g, ‘ = [p=2], are \angles" and feig = fe0; es; s =
1 : : : ; pg is a Lorentz basis. Using this, we have
q
j + Fj =

−1 + tanh2 0
1=2
‘r=1

1 + tan2 r
1=2
=
1
cosh0 ‘r=1 cosr
: (24)
Substituting this in Γ, we get
Γ =

cosh0 
‘
s=1 cos s

setanh0γ
0‘Γ11

‘r=1se
tanrγ
r r+‘Γ11

Γ0(0) : (25)
From the denition of se, we can rewrite Γ as
Γ =

cosh0 + sinh 0 γ
0‘Γ11


h
‘r=1

cosr + sinr γ
r r+‘Γ11
i
Γ0(0) ; (26)
which in turn can be expressed as
Γ = e0γ
0‘Γ11

‘r=1e
rγ
r r+‘Γ11

Γ0(0) (27)
(28)
= exp
(
0γ
0‘ +
‘X
r=1
rγ
r r+‘Γ11
)
Γ0(0) : (29)
In the last step we have used the fact that (γ0‘Γ11)
2 = 1 while (γr r+‘Γ11)
2 =
−1. It is clear from this that the product structure Γ can be written as
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Γ = e
1
2
Yikγ
ikΓ11Γ0(0) ; (30)
where
Y  1
2
Yike
i ^ ek = 0 e
0 ^ e‘ +
‘X
r=1
re
r ^ e‘+r : (31)
Although we have shown this equation in a particular Lorentz frame, it
holds in any Lorentz frame. The relation between F and Y is now
F = \ tan00 Y ; (32)
where \tan" is dened by eq. (23) in the special Lorentz frame. The explicit
expression of the function \tan" is in general frames more complicated but
it can be always be found by going to the special frame as an intermediate
step.
Now let us turn to examine the product structure Γ associated with IIB
D-p-branes. In this case the product structure Γ can be written as
Γ =
p
jgjp
jg+Fj
se−
1
2
Fik3⊗γ
ik
Γ0(0) ; (33)
where
Γ0(0) = (3)
p−3
2 i2 ⊗ Γ(0) ; (34)
is a F -independent traceless product structure.
Following a similar computation as for the IIA D-p-branes, we nd that
Γ = e−
1
2
Yik3⊗γik Γ0(0) ; (35)
where F and Y are again related as in eq. (32).
Now, observing that Γ0(0) anticommutes with the gamma matrices that
appear in the exponential in the expression for Γ we can write
Γ = e−a=2 Γ0(0) e
a=2 ; (36)
as in eq. (4)of the introduction, where, as we have just shown
a =
8><>:
−1
2
Yjkγ
jkΓ11 ; IIA ;
1
2
Yjk3 ⊗ γjk ; IIB :
(37)
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As an application of the new expression for Γ we remark that it is straight-
forward to show that Γ2 = 1 and tr Γ = 0 using the above-mentioned prop-
erty of the exponential, the cyclic properties of the trace and the analogous
properties of Γ0(0).
4 Supersymmetry
We would like to derive here the condition (5) of the introduction for the
fraction of supersymmetry preserved by a single brane from the -symmetry
transformation (1). We remark that the known -symmetry transformations
of all M, IIA, IIB, and heterotic branes have the same form, so the result of
this derivation applies to all these cases. Here we consider the type II case.
Since we are interested in bosonic congurations that preserve a fraction of
the spacetime supersymmetry (i.e. we set  = 0 for these congurations), it
is enough to examine the supersymmetry transformation of the  eld up to
terms linear in . The supersymmetry and -symmetry transformations of 
are
 = (1 + Γ)+  ; (38)
where  is the space-time supersymmetry parameter. Assuming a gauge xing
condition for -symmetry of the form
P = 0 ; (39)
where P is a (eld-independent) projection, P2 = P. The remaining non-
vanishing components of  are given by (1 − P) and the transformation
(38) becomes a global supersymmetry transformation. The condition for
preserving the gauge-xing condition P = (1−P) = 0 is now equivalent
to having unbroken supersymmetry. Therefore, the condition for unbroken
supersymmetry is
 = (1 + Γ)+ unbr = 0 ; (40)
which in turn implies the condition (1− Γ) unbr = 0 of the introduction.
For the IIA case, a convenient gauge-xing condition is
(1 + Γ11)  = 0 : (41)
To obtain more explicit expressions we go to a (chiral) basis in which Γ11
is diagonal split the index  into the pair (1; 2) with opposite chiralities,
1; 2 = 1; : : : ; 16 so
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Γ11 =
0B@ 
1
1
−22
1CA ;  =
0B@ 
1
2
1CA : (42)
and similarly for  and . In this basis the above gauge-xing condition
is simply 1 = 0. Since Γ11 anticommutes with Γ, in a basis that Γ11 is
diagonal, Γ is o-diagonal, i.e.
Γ =
0B@ Γ
1
2
Γ21
1CA : (43)
Preserving the gauge-xing condition 1 = 0 in this basis 1 = 0 implies
1 + Γ12
2 + 1 = 0 : (44)
This leads to the (worldvolume) supersymmetry transformation
2 = −Γ21
1 + 2 ; (45)
where  = (1−P). For supersymmetric bosonic congurations 2 = 0 as
well, which is precisely the condition (1− Γ) = 0.
For the IIB case it is convenient to choose as a gauge xing condition
(1 + 3 ⊗  3232)  = 0 ; (46)
where  is a doublet of chiral spacetime spinors. Again it is convenient to go
to a basis in which 3 ⊗  3232 is diagonal, so
3 ⊗  3232 =
0B@ 
1;
1;
−2;γ2;
1CA ;  =
0B@ 
1;
2;
1CA ; (47)
and similarly for A; A. However, now we have to take into account the
(positive) chirality of the spinors. Thus, which the choice of Γ11 matrix
(42) we split the spinors 1;; 2; as in eq. (42) and set to zero the negative
chirality components 1;2 ; 2;2 so
1; =
0B@ 
1;1
0
1CA ; 2; =
0B@ 
2;1
0
1CA : (48)
(The same applies to the spinors ; .)
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In this basis, the gauge-xing condition is simply 1;1 = 0. Again, 3⊗  
anticommutes with Γ. Therefore, in the above basis that 3 ⊗  is diagonal,
Γ is o-diagonal as in the IIA case5:
Γ =
0B@ Γ
1
1
Γγ11
1CA : (49)
The supersymmetry transformation is given by
2;1 = 2;1 − Γ11
1;1 ; (50)
where  = (1− P).
It is instructive to compare this supersymmetry transformation with the
one of the supersymmetric d = 10 Maxwell theory in Minkowski space. For
this, we have to linearize the 9-brane supersymmetry transformation in terms
of the BI eld. This leads to
2;1 = 2;1 − 1;1 − Fij [γ
ij]11
1;1 ; (51)
which reproduces the supersymmetry transformation of the usual Maxwell
theory with parameter 2; when 1; = 2; as well as Volkov-Akulov-type
supersymmetries.
Finally, we note that the conditions (41) and (46) are covariant gauge-
xing conditions for the -symmetry. This is rather dierent from the type
IIA/IIB fundamental string which is plagued with a well-known covariant
quantization problem. The reason why this distinction between the type
IIA/IIB fundamental string and the D-p-branes occurs is explained in more
detail in Appendix A.
5 Supersymmetric D-Brane Probes
Let us consider a single D-brane probe propagating in d = 10 Minkowski
spacetime. The eld equations of the probe are
@i
q
jg + F j
h
(g + F )−1
i(ij)
@jX
M

= 0 ;
(52)
@i
q
jg + F j
h
(g + F )−1
i[ij]
= 0 :
5Here we have restricted already Γ to the positive-chirality subspace.
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A solution of these equations is8>>>>>><>>>>>>:
X i = i ; i = 0; 1;    ; p ;
Xm = ym ;m = p+ 1;    ; 9 ;
Fij = cij ;
(53)
where ym are the positions of the probe and cij are constant.
As we have seen in the previous section the condition for the above con-
guration to be supersymmetric is
1− e−a=2 Γ0(0) e
a=2

 = 0 ; (54)
where
a =
8><>:
−1
2
Yjkγ
jkΓ11 IIA ,
1
2
Yjk3 ⊗ γjk IIB .
(55)
Viewing the D-p-brane as a (p+1)-dimensional Minkowski subspace of d = 10
Minkowski spacetime, it is clear due to the properties of Γ this conguration
preserves 1=2 of the supersymmetry of the d = 10 Minkowski vacuum.
Next suppose that two D-brane probes with non-vanishing but constant
BI eld are placed in the d = 10 Minkowski spacetime with product structures
Γ and ~Γ. It is rather involved to nd the fraction of the supersymmetry
preserved by a generic such conguration. Below we shall examine some
special cases.
5.1 Orthogonal Intersections
Suppose that two D-branes, with product structure Γ and ~Γ, respectively, are
intersecting orthogonally, and that both BI eld strengths are zero. Because
of the latter hypothesis, a = 0, and so8><>:
Γ = Γ0(0) ;
~Γ = ~Γ0(0) :
(56)
Viewing the two D-branes as (p+1)-and (q+1)-dimensional Minkowski
subspaces of the d = 10 Minkowski spacetime, one can introduce an or-
thonormal basis fea; a = 0; : : : ; 9g in the d = 10 target space adopted to
these two D-branes, i.e. the orthonormal basis is chosen by extending an or-
thonormal basis along the common directions of the intersection rst along
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the relative transverse directions of the intersection and then along the over-
all transverse directions of the intersection, in the terminology of [11]. Using
the d = 10 gamma-matrices adopted to this orthonormal basis, Γ0(0) and
~Γ0(0)
can be expressed as a product of gamma-matrices and therefore
Γ~Γ = ~ΓΓ ; (57)
If Γ and ~Γ commute, they can be diagonalized simultaneously and their
product Γ~Γ is also a product structure. If Γ 6= ~Γ, then Γ~Γ is traceless,
trΓ~Γ = 0, in which case the amount of supersymmetry preserved is 1=4.
Examples of orthogonally intersecting D-brane congurations preserving 1=4
of the supersymmetry are those with 4 or 8 relative transverse directions in
agreement with [14, 15]. If Γ = ~Γ, then the two D-p-branes are parallel and
the fraction of supersymmetry preserved is 1=2.
However, if Γ and ~Γ anticommute, imposing (54) separately for each D-
brane leads to the breaking of all spacetime supersymmetry (however, see
also Ref. [16]).
5.2 Branes Intersecting at Angles
Another special case is that of two intersecting D-p-branes at an arbitrary
angle in d = 10 Minkowski spacetime with the 2-form BI eld vanishing
[12, 13, 19]6. For each D-brane involved in the conguration, we can associate
a d = 10 Lorentz frame; we may assume without loss of generality that the
two orthonormal frames coincide along the directions of the intersection. For
this, we use the assumption that each brane is identied with a Minkowski
subspace of the d = 10 Minkowski spacetime to choose an orthonormal basis
for the worldvolume directions and then extend this basis to an orthonormal
basis for the whole d = 10 Minkowski spacetime. If fea; a = 1 : : : 10g is
the Lorentz frame associated with the rst D-brane and f~ea; a = 1 : : : 10g
is the Lorentz frame associated with the second D-brane, there is a Lorentz
transformation  such that
~ea = eb 
b
a : (58)
This in turn implies that the gamma-matrices fΓa; a = 1; : : : ; 10g in the
frame fea; a = 1 : : : 10g are related to the gamma-matrices f~Γa; a = 1; : : : ; 10g
in the frame f~ea; a = 1 : : : 10g as follows:
~Γa = Γb 
b
a = S
−1 Γa S : (59)
6For recent results on supergravity solutions that are related to branes at angles, see
[20, 21, 22, 23, 24].
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where S is an element in Spin(1; 9) that depends on . As in the previous
case of parallel or orthogonal D-branes,
Γ = Γ0(0) ; (60)
~Γ = ~Γ0(0) : (61)
However, in this case Γ is a product of the gamma-matrices associated with
the feg basis while ~Γ is a product of the gamma-matrices associated with the
f~eg basis. Using (59), the latter product structure written in the feg basis
is
~Γ(~e) = S
−1~Γ(e)S ; (62)
where the subscript denotes the basis with respect to which ~Γ is expressed
and ~Γ(e) is again a product of gamma-matrices in the feg basis. Dropping
the subscript and expressing both supersymmetry projection operators in the
feg basis, we get
Γ =  ; (63)
S−1~ΓS =  : (64)
The case Γ = ~Γ and S 6= 1 was studied in [12, 13, 19] where it was
shown that the fraction of the supersymmetry preserved is k=32, where k
is the number of singlets of the matrix S acting on the spinors  that have
the property, Γ = . We remark that such intersecting at an angle con-
guration of two D-p-branes is not associated with Lorentz rotations  of
the worldvolume coordinates of a single D-p-brane. This is because from
the denition of the product structures Γ = ~Γ and S = 1, so condition (64)
is not independent from condition (63) and the supersymmetry preserved is
1=2. Therefore the interesting cases involve Lorentz rotations of the d = 10
spacetime that are not Lorentz rotations of the worldvolume coordinates of
a single D-p-brane. In fact the relevant Lorentz rotations are those of the
relative transverse coordinates of the intersecting conguration, in the ter-
minology of [11]. Examples of Lorentz rotations that have singlets acting
on SO(1; 9) spinors are those that lie in the subgroups SU(n), 1  n  3,
Sp(2), G2 and Spin(7) of SO(1; 9).
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Next suppose that Γ 6= ~Γ and S 6= 1, then since both Γ and ~Γ are products
of d = 10 gamma-matrices Γ and ~Γ either commute or anti-commute. If they
commute, there is a basis that can be simultaneously diagonalized, i.e.
Γ = (11 ; 
2
2 ;−
a1
b1 ;−
a2
b2) ;
~Γ = (11 ;−
2
2; 
a1
b1 ;−
a2
b2) : (65)
In this basis, only the spinors  = (1 ; 2 ; 0; 0) satisfy (63). Substituting
this  into (64), we get
S21
1 + S22
2 = 0 ; (66)
Sa21
1 + Sa22
2 = 0 : (67)
If det(fS22g) 6= 0, the rst equation can be solved for 
2 and after
substitution into the second equation we get
Aa21
1 = 0 ; (68)
where
Aa21 = S
a2
1 − S
a2
2(S
−1)22S
2
1 : (69)
Thus the fraction of the supersymmetry preserved is k=32 where k is the
number of zero eigenvalues of the matrix A. Note that, since trΓ~Γ = 0, A
is an 8  8 square matrix. The case det(fS22g) = 0 can be treated in a
similar way.
Now if Γ and ~Γ anticommute, there is a basis such that
Γ =
  0
0 − 

;
(70)
~Γ(e) =

0 U
U 0

;
where  is a 16 16 unit square matrix and U is a diagonal 16 16 matrix
with U2 =  . Note that there is a matrix V such that
~Γ = V −1DV ; (71)
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where D is a diagonal matrix with D2 =  and trD = 0. Since now D and
Γ commute, we can examine this case by repeating the steps of the previous
case after setting S ! V S. In particular, the fraction of the supersymmetry
preserved is k=32 where k are the number of zero eigenvalues of the matrix
A dened in (69), after replacing S with V S.
5.3 Branes Intersecting at Angles with BI Fields
It remains to investigate the case of intersecting D-branes with non-vanishing
constant BI eld F . As we have seen in the previous section the eect that a
non-vanishing BI eld has on the supersymmetry projection of a D-brane is
to rotate it. In this respect the situation is similar to the one examined above
but there is an important dierence. The rotation induced by the BI eld
on the D-brane product structure is a relative rotation of the left and right
moving elds. More explicitly, we deduce from the form of the exponential
in (30) (IIA) and (35) (IIB) that the dependence of the BI eld is induced by
a Lorentz rotation that acts dierently on the two 16-component (left and
right moving) -symmetry parameters. In the IIA case this is due to the
fact that the exponential has a Γ11 that multiplies the standard generator of
Lorentz rotations in the spinor representation. In the IIB case the dierent
behaviour of the left and right moving elds is due to the presence of the 3
matrix in the exponential.
Intuitively, it is clear that the dependence on the BI eld cannot be
written as a Lorentz rotation that acts the same on the left and right moving
elds. We recall that the BI eld is a non-linear generalization of the Maxwell
eld on the worldvolume of the D-branes. Now if the only eect that it has is
to induce a Lorentz rotation, it would mean that by changing Lorentz frame
one could set the BI eld equal to zero. This would have been a contradiction
since the Maxwell equations are Lorentz invariant and if the Maxwell eld is
non-zero in one Lorentz frame it is non-zero in any Lorentz frame.
Nevertheless, the supersymmetry conditions for two intersecting D-branes
in d = 10 Minkowski spacetime can be written as
Γ ea=2  = ea=2 ;
e−~a=2 ~Γ e~a=2 =  : (72)
Now if the two D-branes intersect at a angle, then as before we introduce
two d = 10 Lorentz frames one for each D-brane. Then there is a d = 10
Lorentz transformation, , as in (62) that relates the d = 10 gamma-matrices
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adopted to one frame to the gamma-matrices adopted to the other frame.
Rewriting (72) in the same basis, we get
Γ0(0)e
a=2  = ea=2  ;
S−1 e−~a=2 ~Γ0(0) e
~a=2 S  =  ; (73)
where S is induced by  and Γ0(0) and
~Γ0(0) are expressed in the same basis.
Next, let us set
 = ea=2  : (74)
Then (73) can be rewritten as
Γ0(0)  =  ; (75)
T−1 ~Γ0(0) T  =  ; (76)
where
T = e~a=2 S e−a=2 : (77)
To investigate the fraction of supersymmetry preserved by two D-branes
intersecting at angles with non-vanishing BI elds, we remark that (75), (76)
is the same as (63), (64) after setting
T ! S : (78)
Therefore the methods developed in the previous subsection to examine
the fraction of supersymmetry preserved by two intersecting D-branes at an
angle without BI elds also apply to this case.
6 Supersymmetric M-brane probes
The -symmetry transformation for the M-5-brane, in the form given in [8],
is
 = (1 + Γ) ; (79)
where
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Γ = Γ(0)

1−
1
2  3!
hijkγ
ijk

; (80)
Γ(0) =
1
6!
p
jgj
i1i6γi1   γi6 : (81)
The metric g is the induced metric and h is a self-dual 3-form worldvolume
eld. Observe that Γ and Γ(0) are traceless hermitian product structures.
As we have already mentioned in section 2, the supersymmetry preserved
by a M-5-brane probe is
(1− Γ) = 0 ; (82)
where  is the supersymmetry parameter. As in the case of D-branes, Γ can
be written as
Γ = e−aΓ(0) = e
− 1
2
aΓ(0)e
1
2
a ; (83)
where
a = − 1
23!hijkγ
ijk : (84)
Note that a2 = 0 due to the selfduality of h.
Although the product structure Γ is easily written in the form given
above, the dependence on h has no straightforward geometric interpretation
as a kind of rotation since the exponential in (83) is cubic in the worldvol-
ume gamma-matrices. Nevertheless, one can repeat the analysis of section
3 to nd the fraction of supersymmetry preserved by a conguration of in-
tersecting M-5-brane probes. A single M-5-brane probe preserves 1=2 of the
supersymmetry of D=11 vacuum with or without a non-vanishing h.
To investigate the supersymmetry preserved by two intersecting M-5-
brane probes at an angle with constant eld h, we can again proceed as in
the case of D-branes. For this, we introduce two Lorentz frames, feg and f~eg
adopted to each M-5-brane involved in the intersection, and a D=11 Lorentz
transformation, , such that ~ea = eb 
b
a. Then, there is a S 2 Spin(1; 10),
S = S(), such that
~Γ(0) = S
−1 Γ(0) S : (85)
Using this, we can write both supersymmetry conditions in the same D=11
gamma-matrix basis as follows:
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Γ(0) e
a=2  = ea=2  ; (86)
S−1 e−~a=2 Γ(0) e
~a=2 S  =  : (87)
Next setting,
 = ea=2 ; (88)
the supersymmetry conditions can be rewritten as
Γ(0)  =  ; (89)
T−1 Γ(0) T  =  ; (90)
where
T = e~a=2Se−a=2 ; (91)
which is of the form (75), (76). Because of this, the general analysis for
D-branes applies in this case as well and so we shall not repeat it here.
As an example let us consider the intersection of two M-5-branes on a
string [20]. Let us suppose that a = ~a = 0. The rotation  involved in
this case is an element of Sp(2)  SO(1; 10). The spinor representation
of SO(1; 10) decomposed as representation of Sp(2) has 6 singlets and the
fraction of the supersymmetry preserved by such conguration is 3=16.
This method of nding the fraction of supersymmetry preserved by in-
tersecting M-5-branes congurations can be easily extended to intersecting
congurations involving M-2-branes as well. For example, the supersymme-
try conditions for a M-2-brane/M-5-brane intersecting conguration at an
angle are
Γ(0)  =  ;
S−1 e−~a=2 ~Γ(0) e
~a=2 S  =  ; (92)
where
Γ(0) =
1
3!
p
jgj
i1i2i3γi1γi2γi3 (93)
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is the product structure associated with the M-2-brane, and ~Γ(0) is the prod-
uct structure associated with the M-5-brane as given in (80), (81) (both
expressed in the same basis). Finally, the supersymmetry conditions for a
M-2-brane/M-2-brane intersecting conguration at an angle are8><>:
Γ(0)  =  ;
S−1 Γ(0) S  =  ;
(94)
where Γ(0) is the product structure associated with one of the M-2-branes.
7 Supergravity Backgrounds
We briefly consider the coupled D-brane/supergravity equations. The super-
gravity solution corresponding to D-p-branes in the string frame is8>>>>><>>>>>:
ds2 = H−
1
2ds2(E(1;p)) +H 12ds2(E9−p) ;
e = H
3−p
4 ;
Fp+2 = !(E(1;p)) ^ dH−1 ;
(95)
where ! is the volume form of E(1;p) and
H = H(y − y0) (96)
is a harmonic function of E(9−p). The embedding X of the worldvolume into
the spacetime is specied by identifying the worldvolume coordinates of the
D-p-brane with E(1;p), i.e. 8><>:
X i = i ;
Xm = ym0 ;
(97)
where y0 is the position of the harmonic function H. It is straightforward
to see that the BI eld must vanish by examining the eld equation of the
NS/NS 2-form gauge potential.
It remains to compare the supergravity Killing equation with the world-
volume supersymmetry condition (5). The solution of the Killing spinor
equation is
 = H−
1
8  ; (98)
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for constant  and
(1−)  = 0 ; (99)
where
 =
8>><>>:
(Γ11)
p−2
2 Γ0   Γp ; IIA ;
(3)
p−3
2 i2 ⊗ Γ0   Γp ; IIB :
(100)
Using the solution (95) and (97), we nd that Γ = .
It is natural to extend the above analysis to the case of intersecting brane
congurations. For orthogonally intersecting ones, we nd that the BI eld
must vanish for each brane separately. This is also the case for all intersecting
brane congurations (even for those that intersect at angles) with vanishing
NS/NS 2-form gauge potential.
Finally, as for the single brane the conditions for supersymmetry derived
from the supergravity Killing spinor equations are compatible with those
found in section 5.
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A -Symmetry and Covariant Quantization
The -symmetry is an example of an innitely reducible gauge symmetry
because the sequence of shifts 0 ! (1−Γ)1, 1 ! (1+Γ)2    leaves the -
transformations (12) unchanged. This is a property of all branes. However, as
far as the covariant quantization is concerned, there is a distinction between
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the type II fundamental string and the D-branes. This is because the only
covariant gauges that we can pick are8><>:
Γ11 =  ; IIA ;
3 ⊗  3232  =  ; IIB :
(101)
Under -symmetry the variation of the action is given by the following
expression [4, 5, 6]
S =
Z
dp+1  =
Z
dp+1 (1 + Γ) = 0 : (102)
Here  = (1 − Γ)Ψ. This variation can be presented as consisting of two
parts: one due to the variation of P and the other, due to variation of
(1− P):
S = 
1
S+
2
S =
Z
dp+1 (1+Γ)P+
Z
dp+1 (1+Γ)(1−P) : (103)
Assume that we choose the gauge P = 0 and do not vary P anymore.
The variation of the action under the transformations of the remaining part
of , which is given by (1 − P) should not vanish anymore. This would
mean that the gauge symmetry is gauge-xed, the action does not have a
symmetry anymore. Thus we have to nd whether
Sg:f: = 
2
S =
Z
dp+1 (1 + Γ)(1− P) (104)
vanishes or not. We observe that
Sg:f: =
Z
dp+1 (1 + Γ)(1− P)(1− Γ)Ψ : (105)
This explains why the issue of commutativity (non-commutativity) of the
projector P with Γ becomes so important. Indeed if they commute
[P; Γ] = 0 ; (106)
the action still has a local symmetry since
Sg:f: =
Z
dp+1 (1 + Γ)(1− P)(1− Γ)Ψ
=
Z
dp+1 (1 + Γ)(1− Γ)(1−P)Ψ = 0 ; (107)
and therefore P = 0 is not an admissible gauge condition. However, if they
anticommute
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fP; Γg = 0 ; (108)
then
Sg:f: =
Z
dp+1 (1 + Γ)(1− P)(1− Γ)Ψ
= −
Z
dp+1 (1 + Γ)(1 + Γ)PΨ 6= 0 ; (109)
the action is not gauge-symmetric anymore, the gauge-xing condition is
admissible.
For the fundamental GS string the -symmetry is given by
 = (1 + Γ) ; Γ = Γ(0) at p = 1 : (110)
This expression for Γ is proportional to ΓaΓb and therefore it commutes with
P = 1
2
(1 + Γ11) in the IIA case and with P =
1
2
(1 + 3 ⊗  ) in the IIB case.
These would be Lorentz covariant gauges for the fundamental string, and
as we see here, they are not acceptable. This is the well known covariant
quantization problem of the IIA/IIB fundamental string.
On the other hand we have found that for all D-branes the relevant Γ an-
ticommute with Lorentz covariant gauge-xing projectors above. The gauges
are acceptable since the remaining action is not gauge symmetric. This ex-
plains the existence of the covariant gauges for D-branes which were found
in [5].
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